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1 | INTRODUCTION

The strangle options appear as a financial instrument which preserves against the financial risk when the investor
expects some large deviations but he is not sure for the direction of these movements. This happens in the high
volatility periods. In fact this is a very often situation supported by the volatility clustering financial market
phenomena. Roughly said, the strangle options are a combination between an American put and call. Its holder has the
right how to exercise the option—as a put or as a call. This way the strangles keep the investor's interest from both
upward and downward shocks. Obviously, these options lead to two-sided optimal stopping problem. The owner would
exercise the option as a call if the underlying asset reaches some large enough value. On the contrary, if the asset falls
enough, then the holder will exercise the option as a put.

Usually, the options without maturity restrictions are easier to research due to the absence of the coercive exercise at
the maturity. As a consequence, the optimal boundaries are flat. First results for these perpetual options can be found in
Beibel and Lerche (1997) and Shiryaev (1999), see also Gapeev and Lerche (2011) and Qiu (2020). Later, several authors
turn to the strangle pricing problem under a finite maturity horizon. A major subclass of such options is the so-called
straddles. Their main feature is the matching put and call strikes. A Laplace transform method is applied to the American
straddle options in Alobaidi and Mallier (2002). The same authors examine the behavior of these options near the maturity
—see Alobaidi and Mallier (2006). Chiarella and Ziogas (2005) overcome some problems with the Laplace transform using
the Fourier one. Alternatively, Kang et al. (2017) use the Laplace-Carlson transform. An approach based on deriving the
limits for the boundaries by the use of capping is presented by Ma et al. (2018). The variational inequalities method is
presented by Jeon and Oh (2019). This method is closely related to the corresponding two-sided free boundary differential
problem which describes the strangle pricing. Another such approach is presented by Qiu (2020)—the related integral
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equations are derived via the so-called early exercise premium (EEP). Also, Abdou and Moraux (2016) use
an EEP method for pricing and hedging. Recently, Jeon and Kim (2022) derive an analytic valuation formula under
mean-reversion assumptions.

In all these works, the assumption is that the put strike is less than the call strike (only for the straddles they are
equal). We remove this restriction considering arbitrary strikes. We also assume that the put and call features are
presented with different weights.

We establish our model in terms of Shiryaev et al. (1995). We assume that the asset does not pay dividends, but we
introduce an extra discount factor. It turns out that a dividend model can be translated into an additionally discounted
nondividend one. Also, this way we introduce a time structure in the option payoff. Our first step is to prove several
propositions which give the shape of the optimal regions. It turns out that the put-optimal region consists of all points
below some function—this function is the put exercise boundary. Analogously all points above another function—the
call-optimal boundary—are call-optimal.

The importance of the asymptotic case motivates us to consider first the perpetual strangles. As we mentioned above
the optimal boundaries are flat. We derive the equations which they have to solve and prove that these equations have
unique solutions. Something more, we show that the obtained roots lead to correct boundaries—the call one is above the
boundary value at the maturity, whereas the put one is below. The approach we use is based on some exit properties of a
Brownian motion from a strip. This way we consider the strangle option price as a two-dimensional function w.r.t. its
boundaries and search for its maximum. A similar method is applied in Zaevski (2020a, 2020b), but for another class of
American-style derivatives, namely, the game options—put and call. They lead again to a two-dimensional optimization
problem. However, there exists a significant difference—while the game options lead to a sup—inf (min-max) problem, a
max-max problem arises for the strangles. This way we are looking for a saddle point for the game options, but for the
maximum of the strangle price w.r.t. both variables.

As for the ordinary American calls, the undiscounted case is specific—it is never optimal for a strangle's holder to
exercise earlier the option as a call. This allows us to derive close-form formulas for the put boundary and for the price. It is
interesting fact that the existing call right influences the option although this right never will be used. Something more this
call impact appears only through the corresponding call weight, but not through the call strike.

Having in mind the results for the perpetual options, we turn to the finite maturity horizon. It turns out that
the put boundary is a decreasing function w.r.t. the time to maturity, whereas the call one increases. Using this
and the derived terminal values (at the maturity and at the infinity), we construct an algorithm to approximate the
whole boundaries. It is based on maximizing the financial outcome of the option holder. Once we estimate the
optimal boundaries, the free boundary problem for strangle pricing turns to a boundary value problem in a given
region. We use the Crank-Nicolson finite difference approach to solve numerically this equation.

The paper is organized as follows. In Section 2 we establish our model. The shape of the optimal regions is obtained
in Section 3. The perpetual options are considered in Section 4, whereas the finite maturity case is examined in
Section 5. Some numerical results are provided in Section 6. We conclude in Section 7.

2 | PRELIMINARIES
Let the asset price be presented by the log-normal process
dSz = VStdt + GStdBt (1)

under the filtered probability space (Q, F, F;, Q), where B, is a Brownian motion and the measure Q is risk neutral.
Assume that the risk-free interest rate and the additional discount factor are the constants r and A, respectively.
We do not impose a positiveness for the risk-free rate, but we require A > 0 and r + 4 > 0. Let T < oo is the maturity
date—note that we allow its absence when T = oo0. We shall denote by ¢ the current time and by = T — ¢ the time to
maturity—we use ¢t and 7 without writing explicitly their meaning hereafter. As we mentioned above, the option's
holder may choose the option feature when he exercises. If he prefers a put characteristic, he receives C; > 0 shares of a
put option with the strike Kj. Analogously, if the holder chooses a call feature, he receives the payoff of C, > 0 call
options with the strike K;. Hence, the payoff of the strangle option can be written as

N(t, x) = e * max{C; (K, — x)*, C(x — Kx)}. @)
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This means that the option's holder would receive the amount of N (, x) if he exercises the option in moment ¢ at
value S; = x. The following simple proposition gives the relation between the additional discount factor and the
dividends. Its proof can be found in Zaevski (2020a), Proposition 2.3.

Proposition 2.1. If in addition the underlying asset pays continuously dividends at rate &, then this model is
equivalent to a nondividend model with risk-free rate r — 8§ and discount factor A + 8.

This parametrization is used in Shiryaev et al. (1995). Note that the risk-free rate is not necessarily positive.
Proposition 2.1 allows us to examine dividend models in our nondividend framework.
Let Dy be the value which makes the put and call payoffs equal

Dy = M Q)
G+ G

We shall name it put-call barrier. We shall denote the strangle option price by the function F (¢, x) assuming that in
the moment ¢ the underlying asset value is S; = x. Obviously, if the immediate exercise is optimal in the point (¢, x)
then F (t,x) = N (¢, x). We denote by 7., 17, t < T, the set of all stopping times with values in the interval ¢, T]. We view
them as the possible strategies for the option's holder, that is, the exercise happens when the stopping time occurs. We
are interested in the optimal strategy, that is, the stopping time which maximizes the financial result of the option. In
the following definition we formalize this.

Definition 2.1. Suppose that the option is alive at the moment ¢ and the current asset value is S, = x—we
denote by E"* the expectation just under the assumption S, = x. The strategy ¢ is optimal if it maximizes the
expected future option flows

E™[e*N (¢, Sp)1. (4)
The function N (¢, x) is given in Equation (2).

The next step is to define the so-called early exercise (or optimal) and continuation regions and the corresponding
boundaries. We shall denote them by Y and Y, respectively.

Definition 2.2.
1. A point (¢t,x) € Y if for every { € 7,1
N(t,x) > E¥*[e"¢C=DON (£, S)]. (5)

2. The region in which the option’s holder exercises the option as a put/call shall be named put/call-optimal
region and shall be denoted by Y? and Y¢, respectively. Note that Y = Y? U Y¢. Let us state for convenience
that if the call and put features lead to one and the same result, the option is exercised as a call. This is
possible only when x = D,. Under this assumption we can think that Y’ n Y* = @.

3. The continuation region is defined as Y = {[¢, T| x (0, o)\ Y}.

4. We have two early exercise boundaries—between the continuation region and the put- or call-optimal region.
We shall denote these boundaries by A(t) and B(t), respectively.

The following proposition gives the time dependence of the option price.
Proposition 2.2. If the asset price at moment t is X, S; = x, then the option price is given by F (t, x) = e *F (0, x).
Proof. See the proof of Proposition 2.2 from Zaevski (2020a)—although this paper is devoted to a different class

of the American-style options, namely, the game options, the present proposition can be proven in a very similar
way. O
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We assume hereafter that the initial moment is zero. Also, we impose the following natural assumption.

Condition 2.1. Let us mark the initial value of the process S; by a superscript, that is, S} means the value of the
process at time ¢ conditioned on Sy = x.

1. If x <y, then S} < S} for every t.
2. For a fixed sample path, the asset price tends to infinity, if its initial value tends to infinity.
3. For a fixed sample path, the asset price tends to zero when its initial value tends to zero.

3 | OPTIMAL REGIONS

We shall provide a series of propositions for the form of the early exercise regions. Remind that we denote by E** the
expectation under the assumption S; = x. The first one states that call early exercising is never optimal when 4 = 0, a
fact appearing for many different derivatives with American call features.

Proposition 3.1. We have Y¢ = @ when 1 = 0.

Proof. We have that r > 0 since r + 1 > 0 and 4 = 0. Suppose that the set Y¢ is not empty and it contains the
point (¢, x). Note that the value x has to be above the call strike, x > K;. Let { be a stopping time from the set
71, 1- We use that e™™S; is a martingale to obtain

E™[e N (¢, S)]<e™Co(x — K>)
= Et’x[ _'{CzSg] - Csze‘"

< EY[eC,(S; - Ka)) ©)

[e
< B [eCy (S — K]
< EY e max{C;(K; — Sp)*, C2(Se — Ko)1]
= E™[e N (¢, Sp)].
The contradiction leads to Y¢ = @&. O

The next proposition shows that in the opposite case, that is, 1 > 0, the call-optimal region Y*¢ is not empty.
Proposition 3.2. IfA > 0, then the call-optimal region Y° is not empty. Also if (t,x) € Y¢ and y > x, then (t,y) € Y°.

Proof. Assume that x > max{Kj, K;} and therefore (t,x) & YP. Hence, the immediate exercise has the result
e (x — K;). Let ¢ be some stopping time from the set 7}, 7 and let us compare it with the immediate exercise. We
shall denote by f (¢, x; ¢) the difference between the outcomes of the strategy ¢ and the immediate exercise. Having in
mind that the process e™"S, is a martingale and thus x = E**[e™"€~0S,] we present the function f (¢, x; {) as

ft,x;8) = E¥[e N (&, S¢)] — e IC (x — Ky)

C K e ME=0 4 Oy — S¢(Cr + Cret6D),

—eAE-0C,S; + e HIC-DC,K,, 7)
o, (e PE=0 — 1) — 8, Cy(e? €70 — 1),

_el(s”—t)czsg + er+AE-D0, K,

— Etx e—(r+/1){ max

Due to the second statement of Condition 2.1 we conclude that for every stopping time ¢ function (7) is
negative for a large enough initial value x. Therefore immediate exercising is optimal for these initial conditions.
Hence, the call-optimal region Y¢ is not empty.
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Suppose now that x € Y¢ and y > x. Therefore f (¢, x; {) < 0 for every stopping time { € 7}; ). The function
f(t,x; &) is defined in Equation (7). Let us observe that this function is decreasing w.r.t. the variable x due to the
first statement of Condition 2.1 and therefore f (¢, y; {) < 0 too. Since this is true for an arbitrary { € 7y 7y, the
point (¢, y) is call-optimal too. O

Below we present the analogue of Proposition 3.2 for the put region.

Proposition 3.3. The put-optimal region YP is not empty. Something more, if (t,x) € YP and y < x, then
(t,y) € YP too.

Proof. We shall proceed in a similar way. Below we define the comparison function for an arbitrary
stopping time ¢ € 7}, r) taking into attention that N (¢, x) = e™#C; (K; — x) for small enough initial conditions
x. Let us denote again by f (¢, x; ¢) the difference between the outcomes of the strategy ¢ and the immediate
exercise. Using the martingality of the process e™"S; we obtain the function f (¢, x; ) as

ft,x;8) = E™[e "N ({, )] — e r+DIC (K — x)

—C1 K (eUPE=D — 1) + C1Sp(e*C-D — 1),

e/l(é—t)clsg — e+ K, (8)
—CoK, — eMIE=DCIK + S (Cret €D + ),

—ertDE=DC K + e*6-DCy S,

— Etx e—(r+/1)§ max

The third statement of Condition 2.1 shows that for small enough initial values x and every stopping time ¢
function (8) is negative. Therefore the immediate exercise is optimal for such initial conditions and thus the
put-optimal region Y? is not empty.

Let x be in the put-optimal region, x € Y?, and y < x. Hence, f (¢, x; ) < 0 for every stopping time { € 7, 1.
The function (8) is increasing w.r.t. the variable x since the first statement of Condition 2.1 holds. Therefore
f(t, y;¢) <0 too, which leads to the put-optimality of the point (¢, y). O

The following proposition establishes the behavior of the optimal boundaries A(7) and B(7).

Proposition 3.4. The put boundary A(7) is nonincreasing w.r.t. the time to maturity, whereas the call one B(t) is
nondecreasing.

Proof. On the basis of Propositions 3.2 and 3.3 we can use similar arguments to Jacka (1991),
Proposition 2.2. O

The next step is to obtain the values of these boundaries at the maturity.

Proposition 3.5. The value of the put boundary at the maturity is

©)

D, = A®0) = minlk, SfT O r+d, |
G+ C, A

Proof. First, note that D; cannot be above the put strike K; because the option's holder will receive nothing.
Also, it cannot be above the put—call barrier (3), because in the opposite case the holder will prefer to exercise the
option as a call.

Suppose now that a point near to maturity (¢, x) is put-optimal, (¢, x) € YP. In this region the option price
function F (¢, x) has to satisfy the variational inequality

E(t,x) + AF(t,x) — rF(t,x) < 0. (10)
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We shall find the largest value of x for which inequality (10) holds for the limit function N (¢, x), which in this
case turns to the put payoff N (¢, x) = e~#C,(K; — x). We have

e MG [-A (K — x) — Alx} — r(Ky — x)] = C[Ax — (r + VK] (11)
The largest value of x for which formula (11) is not positive is

r+ A

d1: /1

K. (12)

Note that Equation (9) can be written as D; = min{Kj, Dy, d;}. Let us examine first the case r < 0 which turns
D; to D; = min{Dy, di}. We shall prove that all points below D, are put-optimal near the maturity. Suppose that
this is not true for some value x < D;. Note that this point cannot be call-optimal since the option's holder will
prefer to exercise the option as a put. Hence the point (¢, x) is in the continuation region, (¢, x) € Y, and therefore
the statement (10) turns to equality in this point. Hence,

F(t,x) — N(t,x)

0 < lim
t—>T T— t
— _lim F(T,x) — F(t,x) + lim N(T,x) — N(t,x)
(=T T—t (—T T—t 13)

= AF(T,x) — rF(T, x) + N;(T, x)
=C[-mxe T — re T (K — x) — e T (Ky — x)]
= e‘”Cl [—(V + /1)K1 + /bC] < 0.

The contradiction confirms that (¢, x) € YP. Suppose now that r > 0. Let us mention that in this case
d; > K; > x and therefore using the analogous arguments as above we reach to the same contradiction (13). []

Proposition 3.6. The value of the call boundary at the maturity is

D, = B(0) = max Kk, SRt ©K r+d | (14)

G+ G A

Equation (14) can be written also as D, = B(T) = max{K,, Dy, d,} for
d2 = ! -; AKZ (15)

Proof. The proof is analogous to the proof of Proposition 3.5. The main difference is that we search for the
lowest value of x for which inequality (10) holds having in mind that the payoff function turns to
N(t,x) = e MCy(x — K). O

Remark 3.1. We can see that D, = oo when 4 = 0 which is in accordance with Proposition 3.1.

Corollary 3.1. We have that D; < D,. The equality holds in the following cases:

1. r > 0 and
AC K
H < —11 (16)
(r + /1)C1 + rC2
2. r<0and
K2 < le_ (17)

AC,
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Proof. If K; < K, then D; < D,. Hence, the equality may hold only when K; < Kj. Suppose first that » > 0.
Therefore D; = Dy and

D2 = maX{Do, ! -;' AKz} (18)

Hence, D, = Dy, when %Kz < D, which is equivalent to inequality (16). Analogously, if » < 0 we can prove
that D; = D, = Dy when inequality (17) holds. O

4 | PERPETUAL OPTIONS

The next step in our study is to obtain both boundaries of a strangle option assuming that T'= co. These boundaries
have to be flat since (A) the option's holder has no time horizon, (B) the asset price is a Markov process, and (C) the
specific of the payoff function N (¢, x).

4.1 | Existence of discounting

Suppose first that A > 0. The undiscounted case is considered later. Propositions 3.2 and 3.3 show that the exercise
regions have to be of the form YP = (0,A] and Y¢ = (B, oo] for some constants A < B. They have to satisfy the
following conditions:

_ _ K K — — K K
A <K, A<DOEM, B> K, BZDOEM, (19)
C1+C2 C1+C2

because (A) if A > K; or B < K;, the option's holder will receives nothing, (B) if A > D, the holder will exercise the
option as a call, and (C) if B < D, the holder will prefer the put feature.

Let us sketch first the approach we use to derive the optimal boundaries. We examine financial derivatives related
to the first exit of the underlying asset from a strip (4, B), A < B. The constants A and B are chosen in a way to satisfy
conditions (19). We examine the price of such derivative as a function of its boundaries A and B. This function is
obtained through some exit properties of a Brownian motion from a strip. We have to derive the maximum of this
function. We do this by fixing one of the boundaries and finding the value for another which maximizes the price
function. We prove the existence and uniqueness of these maxima. Note that we divide all prices (strikes, initial price,
and boundaries) to the fixed boundary—we do that to unify the optimization problems to the intervals (0, 1) or (1, c0).
Thus we obtain a two-dimensional system for the boundaries. We extract from this system one polynomial-style
equation and prove that it has a unique solution. This way we derive the optimal boundaries and using them we find
the fair option price.

Let us denote by ¢4 and ¢ the first hitting moments to the levels A and B, and let { = {4 A ¢B. Due to the
log-normality of the asset price process, we can view ¢4 and ¢® as the first hitting times of a Brownian motion
with drift

p="-2 (20)
to the values
A:IHA —In S, <o,
EzlanlnSO>0‘ @

g
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If the exit happens from the lower boundary, then the derivative's holder receives the put payoff e=*C; (K; — A).
Analogously, if the asset exits from the upper boundary the derivative pays an amount of e=*C, (B — K,). Hence, if the
asset starts from a point x, A < x < B, then the price of such derivative has to be

f(A,B,x) = Co(B — K)E* [e"+D Lpngea] o
22
+ C1 (Kl — A)Ex [e_(’+’1)§AI§A<§B]_

Let us define the constants p and q as
ro 1Y r+A
=2l -] +2 ,
P \/( o2 2 ) o?

_(L_1T+J+A+L_l
1 oz 2 o2 o2 2

(23)

Note that p > g + 1 and the equality stands when 4 = 0. The expectations in formula (22) can be obtained through
the following lemma reported in Borodin and Salminen (2015) as Equations (3.0.5a and b).

Lemma 4.1. Let ¢ be the first exit of a Brownian motion with drift i from a strip (a, b). Then we have

sinh(by/2y + u?)
sinh((b — a)\2y + 12)’

E [e—ng:{a] = eHa

(24)
sinh(—a+/2y + u?)
E [e_ng:gb] = eHb .
sinh((b — a)+/2y + 1?)
Estimating expectations (24), written for y = r + 4, in formula (22) we derive
AN BP — xP B\d xP — AP

ABx)=CK —-A)|—| ——+CB-K)|—| ———. 25
R e B BTG S) L 29)

Let us fix the value B and make the following change of variables a = %, k= %, k= %, and y = %. Note that
k <1and C; + C, — Ciki — Cyk, > 0 due to restrictions (19). Price function (25) turns to

B Gk —a)al(1 —yP) + (A = k)(yP — aP)

a) =
f@= — .
_ B(=a?C,(1 = k) — at'Ci(1 — yP) + a?Cik (1 = yP) + G0 = k)y?
- yq 1—aP ’
The next step is to recognize which value of a maximizes the function
—aPCy(1 — k) — a9 (1 — yP) + a9C ki (1 — yP) + C(1 — kp)yP
g(a) = 2 ( 2) 1 ( ¥P) 1k ( ¥P) 2( 2)Y 27)
1—af
in the interval (0, 1]. Its derivative is
—yP —aPtC(p—qg -1 PCiky(p —
g,(a) = L-yP ] @ 1(p —q ) + aPCiki(p — q) (28)

— _qa .
1 — aP)? —aP~ipCy(1 — k) — aCi(q + 1) + qCiky
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Let us define the function h(-) as
h(a) = —aP*'Ci(p — ¢ — 1) + a’Ciki(p — @) — a?~9pCa(1 — k) — aCi(g + 1) + qCiki. (29)
We show in Appendix A.1 that derivative (28) has a unique root in the interval (0, 1]. Note that this root is justa = 1
when C; + C, — C1ky — Gyl = 0. Assume now C; + C;, — Ci1kj — Cokp > 0 and let us consider the open interval (0, 1).

The mentioned above root leads to a maximum for function (27) since

h(O) = qC1k1 > 0,

30
]’l(l) = —p(C1 + C, — Gk — Czkz) < 0. ( )
We shall parametrize now w.r.t. the variable a. We can rewrite the equation h(a) = 0 as
—aP*C(p—q -1+ apclg(p —q) — a?7ipG, (1 - %) —aG(@+ 1)+ qcl%- (31
Hence Equation (31) leads to
PCIK(p — q) + aP79pCrK, + qCi K]
B(a) = — 20 1(p-g +a PGk + 9CKy 32)
aPtCi(p—q—1) + aP PpCy + aCi(qg + 1)
Let us denote by A (a) the corresponding put boundary. Using A;(a) = aB(a) we derive
A (a) = aPCiK (p — @) + a?" G K, + qGiKy
e (p— g - D+ e PG + Gilg + D)
an1K1 + C2K2 + (Csz + C1{<1) (33)
__P-a , P-4 ab™d
—qg-— 1 ’
p-g-1 a?*1C + G, + L(Cz + L)
p-q-1 ap=a-!
Let us define the following functions:
Xi(a) = a(aiC K, + CK),
Xz(a) =a (Csz + C;E),
- a
(34)
X3 (a) = aq+1C1 + C2,
1
X4 (a) = q+ (Cz + Cl )
p—-q-1 ap=a-!
In such a way the function (33) can be rewritten as
- Xi(a) + X (a
p—q-1X(a)+ Xu4(a)

Let us fix now the boundary A and change the variables for price function (25) as b = %, k= %, k= %, and y = %.
We have k; > 1 and C1k + Cyk — C; — C, > 0 due to limitations (19). Now price function (25) turns to

f(b) = %Cl(kl - 1)(bp — yp) + Cz(b — kz)bq(yp _ 1)
y bP — 1

_A|bPC -1+ bIt1C,(yP — 1) — bIC ke (yP — 1) — Ci (kg — 1)yP
oy pP — 1 )

(36)
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We have to find the value of b which maximizes the function

bPCi(k — 1) + b*C(yP — 1) — bIC ke (yP — 1) — Ci(k — 1)yP

gb) = Y (37
Its derivative can be written as
g By = 2= pe —bPMG(p - g =D + 0Gh(p - 0)
(bP — 1)? +bP~9pCi(kg — 1) — b(g + 1)C, + qCrk (38)
P —1
=GP I;Vp — b h®)
for

h(b) = =bP*1Cy(p — g — 1) + bPCoky(p — q) + bP~9pCi (ki — 1) — b(q + 1)C, + qCrks. (39)

We prove in Appendix A.2 that function (39) has a unique root larger than one. It leads to the maximum for
function (38) since

h()=p(Ck + Gk - C - C) > 0,

40
h(o0) = —c0. (40)
The root of the function (39) leads to
p — p—q
A(b) = bPC, K (p — q) + bP7IpCiK; + qCok, . @1)
bPH1Cy(p — g — 1) + bP79pC, + b(q + 1)C,
Using b = % and denoting by A,(a) the put boundary we obtain
aPqC,K; + alpCiK; + (p — @)K,
A(a)=a
afP(q@+ 1)Cy + a?*pC + (p — g — DG,
aP~IC,K, + Gk + 2= q(clK1 + CzKZ)
__4 q a! 42)
—q-1
q+ 1 Clp_q_1C2 + C1 + %(Cl + &)
q+1 adt!

p—q X(@a?+ X(a)
p—q-1X;(a)a? + X;3(a)

Having in mind Equations (33) and (42) we conclude that the equation A;(a) = A,(a) has to be solved. It leads to
1 = aP)(Xi(@)X4(a) — X(a)X3(a)) = 0. (43)
The inequality a < 1 leads to
X1 (a)X4(a) — X(a)X3(a) = 0. (44)
In such a way we derive the value of a as the solution of Equation (44) which also can be written as

H(a) = ap“ClCszoc - aPC1C2Klﬁ bl ap_qC%Kz(ﬁ - C()

2 (45)
- aq+1C1K1(ﬁ - CC) - aC1C2K26 + C1C2K10C =0,
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where the constants a and 3 are

a= d ,
q+1
pP—q

p=—L—1_
p—q-1

(46)

We prove in Appendix B that Equation (45) has a unique solution in the interval a € (0, 1). Something more, this
solution leads to boundary values A and B such that A < D; and B > D,, which validate their consistency.
We can formulate the results above in the following theorem.

Theorem 4.1. Suppose that 1 > 0 and let @ be the unique solution of Equation (45). Then the optimal boundaries
can be derived as A = A (@) = Ay(@) and B = =

a’

(33) and (42). These boundaries lead to option price (25).

where the functions A, (a) and A,(a) are given in Equations

4.2 | Nondiscounted model

Now we shall derive the closed-form formulas when the additional discount factor is zero, A = 0. As a consequence we
have r > 0. It is proven in Appendix A.2 that function (39) is positive for b > 1. This means that price function (25) is
increasing. This corresponds to Proposition 3.1, which says that early exercising as a call is never optimal in the absence
of discounting. We shall use an approach similar to the one presented in Section 4.1 method having in mind that the
call boundary does not exist. We need to consider a one-sided exit problem related to exercising the option as a put.
This way we have a one-dimensional price function and we are looking for the boundary value that maximizes it.

Suppose now that the option's holder exercises when the underlying asset hits the value A € (0, min{Kj, Do})—we
shall denote this moment by 4. Thus the option price can be written as

Y (4) = B¥[e % Ci(Ky — Set) o<
(47)
+ lim E* [e—rT max{C,(K; — Sp)*, Co(Sy — K2)+}IT<§A].

T— oo

Note that the function above depends on the variable A through the stopping time 4. First, suppose that K; < K,—
this leads to the domain A € (0, K;). We have

max{C (K; — x)*, Co(x — K5)"} = Gi(K — )Y + Co(x — Kt (48)

and therefore the option price (47) turns to

Y(A) = Ci(Ky — AVE* [e7% T coo|
. o . o
+ ClTlinc;loEx [e r (Kl - ST)+IT<§—A] + CZTILIE)EX [e r (ST - K2)+IT<{A] (49)

= C1(Ky — A)E* [e ¥ Ipacee | + € lim Poo (x, A, K1) + Cy lim Cpo (x, 4, Ky).
T— oo T— 0

We denote above by Ppo(x, A, K) and Cpo(x, A, K) the prices of the down-and-out barrier options (put and call,
respectively) with strike K and barrier A. Taking the limit T — oo for these prices—see, for example, formulas (10.45)
and (10.48) from Zhang (1997)—we obtain

lim Ppo(x, A, K3) = 0,

T—oo

142 (50)
lim Cpo(x, A, K) = x[l - (é) .
X

T— o0
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We shall use the following lemma for the Laplace transform of the Brownian motion's first hitting time.
Lemma 4.2. If{ is the first hitting moment of a Brownian motion with drift u to a negative level a, then

E [e—r§1g<oo] — e(\/,,;2+2r+/,t)a. (51)

Having in mind that the stopping time ¢4 can be viewed as the first hitting of a Brownian motion with drift

u= 2 - % to the value iln(A) and using Lemma 4.2 we obtain

x
Bl el = (4] (52)
X
Combining Equations (50) and (52) we transform the option price (49) to

Y(A) = sz + (g)gg[_A(Cl + Cz) + ClKl]. (53)

Its A-derivative is

Y/(A) = (é)? 2GR o+ cz)(2 + 1) . (54)
x oA o?
Considering the function
2rCi K, 2r
h(A) = GT” - (G + cz)(; + 1), (55)

we see that it decreases starting from h(0) = +o0 and finishes at the negative value h(K;) < 0. Hence it has a
unique root

T — 2rC1K1 (56)
(C + C)@2r+0?)’
which leads to the maximum of the option price. Hence, A is just the optimal boundary.
Suppose now that K; < K and thus A € (0, Dy). We have
+ + + + Kl - K2
max{C; (K; — x)*, C2(x — Kp)*} = C1(Dg — x)* + Co(x — Do)* + C1C2C o) (57)
1 2

Hence, the second term of option price (47) turns to a sum of down-and-out call and put options and a bond. When
we take the limit T — oo, the put and bond prices vanish due to the first equation of (50). Something more the second
equation of (50) shows that the limit of the call does not depend on the strike K, and therefore formula (53) still holds.
We have to check that A < Dy to conclude that the optimal boundary is again A.

We can summarize the derived results in the following theorem.

Theorem 4.2. If A = 0 then the early exercising of a perpetual strangle option is never optimal as a call. On the
contrary, the option holder exercises as a put when the underlying reaches the level A, where A is given by Equation
(56). If the starting point is below this value x < A, then the option price is C; (K, — x). Otherwise, if x > A, then the
price is Y (A), where the function Y () is given by Equation (53)

Remark 4.1. Regardless that exercising as a call is never optimal, the put boundary and the option price depend
on the call features by the number of shares C,, but not on the strike K;.
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Remark 4.2. Let us see what changes if C; = 0 in light of Remark 4.1. This way boundary value (56) turns to

2::02 1= ﬁKb because q = % when 1 = 0. In fact, when C, = 0 we have a classical put option and this value

is namely its optimal boundary—see, for example, formula (3.17) from Zaevski (2020b).

5 | FINITE MATURITY HORIZON

Suppose now that the maturity is finite, T < co.

5.1 | Deriving the exercise boundaries

For the functions A (t) and B(t), A(t) < B(t), we define a European-style derivative, which expires as a put if the asset
falls below A (¢t) and as a call if it rises above B(t). We shall name these instruments (A (¢), B(t))-European options. The
corresponding stopping times shall be denoted by ¢4 and ¢® and the lower one by ¢, ¢ = {4 A ¢5,

Suppose that 0 =t < 1 < , < ---<t, = T be an increasing time sequence and a(t) and b(t) be two continuous
piecewise linear functions w.r.t. it

n n

a(t)= Z ai(OLe_n) = Z(al,it + a2 ) Lef_ .t

i=1 i=1

n n (58)
b(t)= Z bi(OILep,_,1) = Z(bl,it + bo ) Lepr,_ 1

i=1 i=1

a;(t) = a;11(t) and b;(;) = bis1(t), i =1,2,..,n — 1. We impose the condition a(t) < b(t) and additionally
a(0) < 0 < b(t). As we have mentioned above, we shall approximate the optimal boundaries as an exponent of
piecewise linear functions—A (t) = exp(a(t)) for the put boundary and B(t) = exp(b(t)) for the call one. The values of
these functions at the grid nodes shall be denoted by a; = a(t;), 5, = b(t;), A; = A(t;), and B; = B(t;),i = 0, 1, ..., n. Let
us introduce the functions

n n

c(t)= Z ci(Dhew n = Z(Cl,it + o)l i)
i=1 i=1
» » (59)
d(t) = Z di(D e = Z(dl,it + &) ety 1]
i=1 i=1
for
q;—r
Cl,i = Ll E’ i= 19 , N,
o 2
a; — In(x)
C2i = ) - 1’ ey 1,
b Ur (60)
dll: Lt Ey l . 1’ , n,
o) 2
by; — In(x
dyi= 2t (), =1,..,n
o

In fact the stopping times {# and ¢® can be viewed as the first hitting moments of the Brownian motion to the
functions c(t) and d(t), respectively. Using the notations above, we present the price of an (A(t), B(t))-European
option as
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GOx, T; A(6), B(6) = B*[Cre %" (K — Spa)*Tpacg e
+ BX|Coe S (Sn — K)o por

+ E¥ [Cl e~ DT (K — ST)+IT§{,STG(D1,DO)] + BX [Cze_(rH)T(ST - K2)+IT5§‘,STG(DO,D2)]

n n
=K E[e_(H'/l);AIge(ti_],t,-],{:é’"‘] — Cix), e2E [e““vm;em_l,nl,;:;f*] (61)
i=1

S

n
+Cox Y, B et ke iyg=0| = Cao Y B|e T e gy g=00]
i=1 i=1

+ ClKle_(r-HUTP (Vl < BT < l, T < g) - Clxe‘¢3TE [egBTIv1<BT<[,Tsé’]

+ Cyxe»TE [eUBTI,<BT<V2,T§§] — CKeOTP( < By < vy, T < 0),
where

2 2
Y=+ - (r - %) —oc; =4+ % — 0Cyis

2 2
¥, =(r+ 1) - (r - %) —ody; = A+ % — ody,

T
2 (62)
=) (e
o X o 2
=pe(2)-(5 -3
o] b e} 2
,,z_iln(&) _ (1 _ E)T
o X o 2

We shall use the following proposition to derive the expectations in formula (61).

Proposition 5.1. Assume that y > 0, whereas we do not impose restrictions for z. If the functions a(-) and b(-)
are linear, then

Lo(t,y; ai, a3, by, b)) = E [e_y§I§<T g:gA]

(=) pl(T; JaT 4 2y, aa, by + JaT + 25 — . ba),

(Vatr
Ly(t,y; a1, ap, by, b)) = E [e‘ygI;q; ;B]

ebz( bi+2y - bl 2(T a + b2 + 2y — by, ay, /b3 + 2y, bz)

V(z,2, T,a, a5, b1,b,) =E [eZBTIg>T Br<z

5727

/12k + ankJ

Skexp [/lj,kz + T

4
1 kgl x(N(Z - @&T + lj,k)] B N[a(T) — T + /lj,k)]]

™Ms

+

Jj

T T

(63)
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If the functions a(-) and b(-) are piecewise linear, then

[

i=1

1= q;; (xi—1, x;)

E [e_yglge([m,l,tm)a g = ga,b] i=1
j=

Bis s Bt | m—1
27 (t; — ti—1)

2
X — Xij—
exp[—( i i 1) )
] 2(6 — ti-1)
Ay vy Oy
e_ytmflLa,b(tm = bn—1, Y, Q1 Am—1 — Xim—1, bm,la ;Bm_1 - xm—l)

dxl dxm—lﬁ
B> s Bt exp T
E[eZBrl ] = f ﬁ 1- iq (xi—1, X1) A iy
Br<z>T] = ol AT amt -ty
Ay eeey Ap—1

e¥n-1V (2,2 — Xp—1, th — ty—1; ap 1, Ap—1 — Xp—1, bn,ly ,8,1_1 — Xp-1)

dx ... dx,_1,
(64)
where the functions L,(-), Ly(-), and V (-) are given by formulas (63).
Proof. The proofs can be found in Zaevski (2021). I

Note that the probabilities in formula (61) can be obtained using the last statement of (64) for z = 0. We
shall use an alternative parametrization for the option price—G (x; ty, 4, ...t,; Ag, A1, ..., An; By, By, ..., B,) instead
G(x, T; A(t), B(t)). Once we have a formula for (A(¢), B(t))-European option, we can use the following
backward algorithm.

1. The boundaries at the maturities are given in Propositions 3.5 and 3.6—A, = D, and B, = D,.

2. Suppose that we have derived all values A,, Ap+1, ---» Ay and By, By41, ..., B, for some m < n.

3. We derive the put boundary in the following way. For the constants A < x let B(x, A) be this value which
maximizes

G, 0,ty, — ty—1, oty — tm_1; A, Apy oo, Apy B, By, ooy By) (65)

amongst all B > x. Let us view Equation (65) as a function of A and let A(x) be this argument which maximizes

G(x’ 0’ tm - tm—l’ [n - tm—l; As Am, ---’An; B(xs A)’ Bms ooy Bn) (66)

Our approximation for the put boundary value A,,_; is the largest x for which x = A(x). In fact, this is the largest
initial value of the underlying asset for which immediate exercising as a put is optimal.
4. Analogously we obtain the call boundary. Let for a fixed x < B, A(x, B) be this value which maximizes function (65)
w.r.t. the variable A. Also, let B(x) maximizes

G(x; 0, ty, — ty—1, ety — tm—1; A(X, B), Ay, ..., Ay B, By, ..., Bp) (67)

amongst all B > x.

5. Thus we approximate the call boundary B,,_; as the smallest x for which x = B(x). We illustrate the way we
derive the boundaries in Figure la—we present there the difference B(x) — x. Our approximate value is the
smallest x for which this difference is zero and it is marked by a circle. The used parameters are reported in
Section 6.
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5.2 | Finite difference approach for option pricing

Once we approximate the exercise boundaries, we can view option pricing as the boundary value problem

1
F(t,x) + rxE.(t,x) + Eozszxx(t, x) —rF(t,x) =0,

F(t,A(t)) = e MCy(Ky — x), t€(0,T), (68)
F(t,B(t)) = e Cy(x — K), te(0,71),
F(T,x) = e Tmax{C;(K; — x), C,(x — K)}, x &€ (Dy, D,).

The differential equation holds in the region (¢,x) € {(0, T) X (A(¢), B(t))} and the boundary constraints are
imposed on the lower, upper, and right boundaries. We shall use the Crank-Nicolson finite difference scheme to solve
numerically Equation (68). Our algorithm is as follows:

1. We divide the time and state intervals uniformly into M and N subintervals T=4>t > --- >t =0 and
A(0) =x <x < ---<xy = B(0), respectively. We shall denote by F (m, n) the option prices at the nodes. Note that
we work backward—in such a way the values F (1, n) correspond to the prices at the maturity and F (M, n) are the
initial option prices.

2. We use the algorithm presented in Section 5.1 to approximate the boundaries A(t) and B(t) at M < M points. After
this we use a cubic spline interpolation to find the boundary values on the whole time grid—A4,, A, ..., Ay and
By, B, ..., By. Note again that A; and B; are the values at the maturity, respectively, D; and D,, whereas Ay and By
are the initial ones.

3. We incorporate the terminal condition by

F(1,n) = e max{C,(K; — x,), C2(x,, — K2)}. (69)

4. For every m = 1, 2, ..., M we denote by [, the highest n € {0, 1, 2, ..., N} for which x;, < Ap,. Also let k,, be the
lowest n such that xi, > By,.
5. The lower and upper boundary conditions are integrated by

F(m,n)= e*C (K, —x,) Ym and n <1, 70)
F(m,n)=e*Cy(x, — K) Vm and n > kp,.

6. Suppose that we have derived the values of F (i, n) for all n and i < m. We derive the values F (m, n) by the
Crank-Nicolson scheme. The derivatives are approximated by Equations (C1) from Appendix C. Thus the
equation from the boundary value problem (68) acquires the form (C2). Rearranging these equations
forne{l, + 1,1, + 2, ..., k,, — 1} we obtain the linear system for F (m, n) composed of Equations (C3), (C4),
and (C5).

6 | NUMERICAL RESULTS

We present some numerical experiments in this section. The main values we use are as follows—the initial asset value is
So = 22, the risk-free rate is r = —0.02, the additional discount factor is 4 = 0.05, the volatility is o = 0.3, the put and call
strikes are K; = $25 and K, = $20, the corresponding weights are C; = 3 and C; = 2, the time to maturity is in the interval
7 € (0, 50). We shall mention expressly the used values if we vary some of them. The parameters we use for the
Crank-Nicolson method are—M = 16 points for the optimal boundaries obtained by the two steps algorithm, M = 64 points
for the time grid, and N = 1000 steps for the state space. Note that these points are enough due to the quadratic convergence.

In Figure 1b we present the put and call boundaries w.r.t the actual time—the put boundary is the lower one. We
mark by circles the perpetual values derived via Theorem 4.1. We can see that these values are the limits when the time
to maturity increases.
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TABLE 1 Option prices and optimal boundaries.
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Weight ratio % =05

K =20
K, =22
K, =24
K, =25

. G _
Weight ratio &= 1

K =20
K =22
K =24
K, =25

; .G
Weight ratio e 2

K =20
K =22
K, = 24
K =25

; .G _
Weight ratio o 3

K, =20
K =22
K =24
K =25
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20

{4.3621;52.5720}
$12.4648
{4.4103;56.8144}
$10.8370
{4.4537;61.0725}
$9.5939
{4.4738;63.2076}
$9.0320

{4.8290;60.1743}
$15.8613
{4.8556;64.2656}
$14.3319
{4.8801;68.3783}
$13.0994
{4.8913;70.4431}
$12.5413

{5.1233;73.8414}
$22.8514
{5.1346;77.7337}
$21.3369
{5.1454;1.6612}
$20.1202
{5.1507;83.6339}
$19.5654

{5.2285;86.1083}
$29.8512
{5.2351;89.8781}
$28.3389
{5.2419;93.6623}
$27.1472
{5.2433;95.6113}
$26.5958

22

{4.7448;53.6082}
$13.4766
{4.7985;57.8294}
$11.9038
{4.8466:62.0707}
$10.6888
{4.8693;64.1964}
$10.1333

{5.2781;62.1678}
$18.0208
{5.3119;66.1944}
$16.4861
{5.3386;70.2827}
$15.2889
{5.3514;72.3342}
$14.7396

{5.6225;77.3750}
$27.2151
{5.6360;81.2233}
$25.6815
{5.6470;85.1202}
$24.4991
{5.6533;87.0708}
$23.9636

{5.7437;91.0003}
$36.4821
{5.7513;94.7181}
$34.9378
{5.7576;98.5050}
$33.7310
{5.7595;100.4213}
$33.2461

24

{5.1220;54.6609}
$14.5628
{5.1814;58.8657}
$13.1632
{5.2356;63.0865}
$11.9389
{5.2603;65.2015}
$11.3953

{5.7315;64.1334}
$20.1833
{5.7627;68.1735}
$18.9870
{5.7948;72.2092}
$17.8092
{5.8062;74.2744}
$17.2781

{6.1217;80.9273}
$31.9439
{6.1345;84.7604}
$30.7194
{6.1482;88.6067}
$29.5812
{6.1543;90.5508}
$29.0628

{6.2594;95.9010}
$43.6647
{6.2671;99.5959}
$42.4953
{6.2741;103.3287}
$41.3697
{6.2786;105.1839}
$40.8602

25

{5.3057;55.2218}
$15.1438
{5.3747;59.3756}
$13.7671
{5.4255;63.6108}
$12.5846
{5.4532;65.7156}
$12.0483

{5.9502;65.1782}
$21.5037
{5.9877;69.1654}
$20.2409
{6.0219;73.1878}
$19.1157
{6.0362;75.2179}
$18.5920

{6.3690;82.7279}
$34.4314
{6.3847;86.5286}
$33.2898
{6.3979;90.3696}
$32.2168
{6.4042;92.2996}
$31.7074

{6.5167;98.3662}
$47.4866
{6.5247;102.0336}
$46.3864
{6.5322;105.7617}
$45.3392
{6.5350;107.6390}
$44.8374
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The rest of the experiments we provide is parametrized just w.r.t. the time to maturity instead of the current time. We
present in Figure 1c,d the surfaces of the boundaries and the option prices fixing the put strike as K; = $20 and varying
the call one among K, = $15, $16, ..., $25. Figure 1e shows the behavior of the option prices varying the discount factor

as 4 € (0.02, 0.1), whereas Figure 1f presents the behavior w.r.t. the put and call weights. We vary the ratio ¢ = % as
2

c € {0.01,0.2,0.4,0.6,0.9, 1, 2, 4, 6, 8, 10}. The circles show again the perpetual values.
Some options' prices together with the corresponding boundaries are presented in Table 1. The varied parameters
are both strikes—K; , € {20, 22, 24, ,25}—as well as the weight's ratio % € {0.5, 1, 2, 3}. The time to maturity is fixed at
2

T = 3. We report in the first row the optimal boundaries—the first is the put one, and the second is the call one. The
second row gives the option price.

7 | CONCLUSIONS

Specific financial instruments, namely, American strangle options, are examined in this paper. They exhibit jointly put
and call features giving to the holder the right to choose how to exercise—as a call or as a put. Arbitrary values for the
strikes have been considered—it is possible for the call strike to be less than the put one. Also, the call and put options
in the strangle derivative are presented by different weights. It turns out that the pricing of such derivatives leads to
two-sided optimal stopping problems. Closed-form formulas for the optimal boundaries as well as for the fair price have
been obtained for the perpetual versions of these instruments. It turns out that early exercising as a call is never optimal
if the discount (dividend) rate is missing. However, the call right has its impact—it appears via the call weight, but not
through the call strike. On the other hand, a numerical approach is constructed to approximate the optimal boundaries
when the maturity is finite. On the basis of them, the Crank-Nicolson finite difference scheme is adapted to the raising
boundary value problem related to option pricing. Several numerical experiments are provided.
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APPENDIX A: UNIQUENESS OF THE SOLUTIONS

A.l | Put boundary
We shall prove now that the function h(-) defined in Equation (29) has a unique root in the interval (0, 1). First we
consider the undiscounted case, that is, A = 0. The function h(-) turns to

h(a) = a91Ciky — a(@ + 1)(C, + G, — G k) + qCiky (A1)

and its derivative is
ha(a) = (g + D[aiCiky — G = C; + Gk (A2)
We have h, (1) = —(q + 1)[C; + C; — Cikg — Cyk] < 0. Therefore h, (a) is negative in the interval (0, 1) since it is an

increasing function. Hence, the function h(-) is decreasing and therefore it has a unique root due to inequalities (30).
Suppose now 14 > 0 or equivalently p > g + 1. We can present function (29) as

h(a) = C|—h(a) — ap—qg(c1 + G — Ciky — Coky) (A3)
1

for
h(a)=aP*(p—q—1) — afki(p — q) — a?P~9p(1 — k) + a(q + 1) — gk (A4)

The function & (a) is examined in Zaevski (2020a), Appendix B.1—there it is denoted by h(a; 0). It may behave in
two ways—(A) starts from a negative value and increases to zero or (B) starts from a negative value, increases to a
positive maximum, and decreases to zero. Hence, function (A3) may be increasing only when it is negative (only in case
[B]). Having in mind boundary values (30) we conclude that function (29) has just one root in the interval (0, 1).

A.2 | Call boundary
First we consider the case 4 = 0 or equivalently p = g + 1. Function (39) turns to

h(b) = bq+1C2k2 + b(q + 1)(C1k1 - C1 - Cz) + qCZkZ (AS)
and its derivative is
hy(b) = (@ + DBICk, + Cilkg — G — Cy). (A6)

This function starts from a positive value for b = 1 and increases, which makes it positive for all b > 1. Hence, the
function h(b) is increasing and therefore it is positive for b > 1 too since g(1) = p(Ciky + Colp — C; — C3) > 0.
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Suppose now that 4 > 0. Function (39) can be presented as
h(b) = G|-h(b) + bp—qcﬁ(clk1 + Gy — G — cz)] (A7)
2

for
h(b) =bP*(p—q—1) = bPky(p — @) + bP~9p(ky — 1) + b(q + 1) — gko. (A8)

Let us change the variable b tod = % turning in this way the interval (1, o0) to (0, 1). The function h (d) written as
h (d; 0) is examined in Appendix B.1 from Zaevski (2020b). There are two cases for its behavior—starts from a positive
value and decreases to zero or (B) starts from a positive value decreases to a negative minimum and increases to zero.
We can conclude that the function h(d) starts from a negative value for d = 0 and finishes at a positive value for d = 1.
Also it may decrease only if it is positive—this is possible only when the case (B) holds. Hence, it has a unique root for
d € (0,1) and therefore the same is true for b > 1.

APPENDIX B: EXISTING AND UNIQUENESS OF THE OPTIMAL BOUNDARIES

First we shall prove that Equation (45) has a unique solution in the interval (0,1). Note that 8 > . Hence,
H(0) =aC CK; >0 and H(1) = —(8 — a)(C,CK; + C1CK, + C3Ky + C32K,) < 0. Also, function (45) can be
decomposed to H(a) = C;C,aH; (a) + Hy(a), where

Hi(a) = (K — aK;)(1 — aP),

B1
Hz(a) = —(‘3 - C()a(ap_1C1C2K1 + al’_q_lC%Kz + an%Kl + C1C2K2). ( )

If K; > K5, then both functions H;(a) and H,(a) are decreasing which leads to the existence and uniqueness of the
solution. Suppose now that K; < K. The first and second derivatives of the function H;(a) are

Hi(a)=a’K(p + 1) — aP"'Kp — K, (B2)
Hi(a)=a??plaK;(p + 1) — K1 (p — D].

Hence, the derivative Hj(a) starts from the negative value H;(0) = —K,, decreases to a minimum, and increases to
the positive value Hj(1) = p(K, — K;). Therefore, the function H,(a) starts from the positive value H;(0) = K;,

decreases to a negative minimum, and increases to zero. Hence, the solution of Equation (45) exists and it is unique

since the function H,(a) is decreasing and negative. We shall denote this solution by @. Note that @ < % since
2

Hy(@) <0 fora> &
K

To continue our discussion we need to introduce the following two functions.

- q
Gi(a) = p—q alGK + Csz’
p—q-—1 ai"'C+ G,
q alP~IC,K, + G K
g+1 aP 971G, + G

(B3)

G:(a) =

Equations (35), (42), and (44) show that A = A,(a) = A,(@) = G1(@) = G,(a). Note that the equations
G1(a) = G,(a) and H (a) = 0 are equivalent and therefore the first one has the same unique solution. Let us examine
now the behavior of functions (B3). The derivative of the function G,(a) is

—q —a"CKyq + a9(q + DCK + GK
Gl(@) = G, pP—q alt'CiKq + al(q + GK + G, 2
p—q-—1 (@T*1Cy + Cy)?

(B4)
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If we denote by I(-) the function
l(a) = —a?*1C1Kq + al(q + 1)K + K, (B5)
then its derivative is
I'(a) = —ai7'q(q + DC1(aK; — Ky). (B6)

It is always positive when K; > K, and it is positive for a < % and negative, otherwise. We conclude that the
2

function G (a) is increasing when K; > K. Otherwise, if Kj < K;, then the function G; (a) is increasing or first increases
and then decreases. The second case holds when [(1) = qC1(K; — K;) + C1K; + G K, < 0.

Let us turn to the function G,(a). We have

aP~IC K + a(p — )G K — (p — g — DGK;

ab—9-2
(ap_q_1C2 + C)2

Gi(@) = Co q (B7)

We see that the function [(a) = a?79C,K, + a(p — @Q)C1K, — (p — g — 1)K, starts from a negative value and
increases. Hence, the function G, (a) is decreasing or first decreases and then increases. The second case is actual when
(1) =(p -Gk - K) + CK + GK; < 0.

We shall prove now that A < D;. First we shall show that min{K;, K} > A, where K := K;
lead to

r+1
y!

. Formulas (23)

r+4A _ q pP—q

= BS
A g+1p—qg-1 (BS)
and therefore
= q pP—q
K=K———>—,
1q_}_1p_q_1 (B9)

If K, < K; or equivalently Dy < Kj, then we can easily check that G,(0) < min{Kj, K} and G,(1) < min{Kj, K} and
therefore A = G,(@) < K. If K; < K,, we have G, (%) = K1# < min{K;, K}. The fact that @ < % establishes the result.
2 2

It remains to be proven that A < D,. We need to consider only the case K, < K; due to the result above. Let us

examine the dependence on the discount factor A. Its domain is [max{0, —r}, o). Hence the variable g increases in the

interval [max {O, %}, oo). We shall parametrize w.r.t. the variable q hereafter. Equation (23) gives

,
p(q) =29 — 2; + 1. (B10)

The functions (B3) can be rewritten as

1 K — K
Gila, =1+ ——||K + 22|,
p@—q-1 a?*'Cy + G,

ak, — K
Yar@-a-1¢, 4 ¢, |

(B11)
Gy(a,q) = [1 — ﬁ][aKz —

Having in mind that the function p(q) — q — 1 is increasing, we conclude that G, (a, q) decreases w.r.t. ¢, whereas
G,(a, q) is a g-increasing function. Let us investigate the behavior of functions G;(a, q) and G,(a, q) when g - .
We have that lim,_,, G:(a, g) = ak; for a € (0,1) and lim,_,,,G:(1, g) = Dy. Analogously, lim,_, ., G,(a, q) = K; for
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a € (0,1) and limy_ o, G>(1, q) = D,. We observe that G5(Dy, q) is well defined since G,(1, q) = ﬁDo < Dy. Also,

G1'(Dy, q) is well defined because it is an a-increasing function. The function L(q) = G5'(Do, q) — GT (Do, q)

is increasing. Let us consider the asymptotic case q = 0. If we suppose that a(oo) < 1, then the equation

G,(@, ©) = G1(@, c0) leads to a = % which is impossible due to K; < K;. Hence @(co) =1 and therefore
2

limq_,ocGl_l(Do, q) = limq_,ochl(Do, q) = 1 due to the observed above shape of the functions G;(a, q) and G,(a, q)

for ¢ — co. This means that L(oco) = 0 and thus G;(Do, q) > G5'(Dy, q) for g < co because the function L(q) is
increasing. Therefore A = G1(@) < D, due to the a-behavior of the functions G;(a) and G, (a).

The inequality B > D, can be proven analogously.

APPENDIX C: FINITE DIFFERENCE TERMS

F(m —1,n) — F(m, n)

At ’
F_F(m—l,n)+F(m,n)
= 5 ,

Fim-1,n)—-Fm—-1,n—-1)+F(m,n)— F(m,n — 1)
2Ax '
Fim—-1,n+1)—-2F(m—1,n) + F(m — 1, n—l)
2(Ax)?
F(m n+1)—2F(m,n) + F(m, n—l)
2(Ax)?

F =

E =

(C1)

Fo=

F(m—-1,n) — F(m,n)
At
+lran(m—1,n)—F(m—1,n—1)+F(m,n)—F(m,n—1)
2 Ax
Fim—-1,n+1)—-2F(m—-1,n)+ Fim—-1,n — 1)
+lczxf, (Ax)”
4 F(mn+1)—2F(mn)+F(mn—1)
(Ax)?

0=

(C2)

_ %r(F(m —1,n) + F(m, n)).

« Ifn=1,+ 1, then

F(m, n)(——lﬁ+— oy Ly ) F(m, n+1)i&;{)"2

:F(m—l,n—l)(—lﬁ+l°2xﬁ)+ F(m — 1n)( +lﬁ—lgxﬁ—lr) (C3)

2.2
FFOm—1n+ DI — Fm, zm)(lﬁ - i&;‘;).

o« Ifl,,+1<n<k,—1,then

1 rx, 1 o2x2 1 1 rx, 1 o2x2 1
F(m n — 1)(*i - Z:A;)Z) +F(m, n)(E - 5% + E:A;)Z + El")

1022 _ 1 1%, 1 o%x}
—F(m,n+ 1), =F(m—1,n~ D(‘EH + me)z) (C4)

1 o2x?
4 (ax)*”

+F(m—1,n)( i1

1
T T 2 5r)+ Fim—-1,n+1)
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o« If n = k,, — 1, then

242 2,2

2
n

_ 1 rx, 1 o2x; 1 1 1, 1 02x3 1

2,2
+F(m —1,n + 1)%&;)"2

242
+ F(m,n + 1)%&;’;.
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